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Abstract. In this paper, a modified SQP method with nonmonotone line search technique is presen-
ted based on the modified quadratic subproblem proposed in Zhou (1997) and the nonmonotone
line search technique. This algorithm starts from an arbitrary initial point, adjusts penalty parameter
automatically and can overcome the Maratos effect. What is more, the subproblem is feasible at each
iterate point. The global and local superlinear convergence properties are obtained under certain
conditions.
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1. Introduction

We consider the following constrained optimization problem:

minf(x)

st g(x) <0 @

where f : R" — R, g : R" — R™ are continuously differentiable functions. There
are many practical methods for solving (1) such as gradient projection method, trust
region method and SQP method. Among these methods, SQP method is an import-
ant one. SQP method is to generate iteratively a sequence {x;} which converges to

a KT point of the problem (1) by solving the following quadratic subproblem
; T 1T

5525201 Vflx)'d—+ 2d H,d (2)
st g(x) +8'(x)d <0

where H; € R™" is a symmetric positive definite matrix. The iterate formation is
as follows

Xkl = X + trdy

where d; is the solution of (2) and # is the step-size chosen by some line search to
reduce the value of a merit function for (1).
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SQP method is one of the most effective methods for solving nonlinear pro-
gramming. Many papers contributed to this method, such as Boggs et al. (1982),
Bonnons et al. (1992), Han (1976), Han (1977), Powell (1978) and Powell (1982)
to name a few. But there are a lot of theoretic and practical problems which are
still actively investigated. Especially if the quadratic subproblem (2) is infeasible
or the solutions of the sequential quadratic subproblem are unbounded, the SQP
method fails or generates a sequence which diverges. Because of this, Burke and
Han (1989), Zhou (1997) modified the quadratic subproblem respectively to en-
sure that the subproblem is feasible at each iterate point, and proved that their
methods are globally convergent. However, Han and Burke’s method is only a
conceptual method and can not be implementable practically. Zhou’s method can
be implemented in practice, but its global convergence is obtained under exact line
search.

In 1978, Maratos (1978) pointed out that for SQP method, the unit step-size can
not be accepted although the iterate points are close enough to the optimum of the
problem (1) when the non-differentiable exact penalty function is used as the merit
function and the solution of (2) is used as the search direction. This phenomenon is
named as Maratos effect. For this difficulty, there are two techniques to circumvent
it: Watchdog technique (Chamberlin et al., 1982) and Second-order correction
technique (Mayne and Polak, 1982). Watchdog technique needs much estimation
of the value of functions and their gradients, and Second-order technique needs to
solve an additional quadratic subproblem or linear equation system at each iterate
point. This is time-consuming.

Bonnons et al. (1992) and Panier and Titts (1991) proposed a SQP method
with nonmonotone line search by using the nonmonotone line search technique
proposed in Grippo et al. (1986) on the SQP method. This method needs only to
solve an additional quadratic subproblem or linear equation system within finite
number of iterates. Hence it overcomes the Maratos effect with less computation.

In this paper, a modified SQP method is proposed by combining the subproblem
proposed in Zhou (1997) and nonmonotone line search technique. The method has
the following merits: starts from an arbitrary initial point, automatically adjusts
penalty parameter, the subproblem is feasible at each iterate point, and needs to
solve an additional linear equation system within finite number of iterates hence
overcomes the Maratos effect with less computation. Under very mild conditions,
its global convergence and local superlinear convergence are obtained.

This paper is organized as follows. In Section 2, some definitions and lemmas
are given. Section 3 states the algorithm model. The global convergence of the
proposed algorithm is presented in Section 4. In Section 5, we study the local super-
linear convergence of the proposed algorithm, and some discussions and numerical
examples are given in the last section.

The symbols we use in this paper are standard. For convenience, we list some
of them as follows:

1) f'&x.d) = ki?g(f(x +Ad) — f())/A;
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(2) g’'(x) is Frechet derivative of g at x;
(3) ”x”OO == max{lxj|7j == 1’ 2’ L ’n}a
4 M={1,2,... m},) N={1,2,... ,n},e=(1,1,..., DT e R".

2. Signsand Lemmas
Let

go(x) =0,

®(x) = max{g;(x): j € MU{0}}. (3)
The direction derivative along d € R" of ®(x) is
®'(x;d) = max {Vg;(x)"d} 4
Jjelo(x)
where Io(x) = {j : gj(x) = ®(x), j € M U {0}}.
Generally speaking, ®'(x, d) is not continuous. In Bazaraa and Goode (1982),

Bazaraa et al. proposed a continuous approximation to &’(x; d), which is named
as pseudo-direction derivative of ®(x) along d at x :

(e d) = Max (g;(x) + V() d) — D). 5)

It is easy to prove that ®*(x; d) is continuous on R" x R".
LEMMA 2.1 Bazaraa and Goode (1982) . Vx, d € R", we have
O*(x;d) = P'(x;d), (6)
and there exists § > 0 such that
®*(x;td) = ®'(x;td), Vrel0,4].

LEMMA 2.2 Bazaraa and Goode (1982) . Vx € R", ®*(x, -) isa convex function
on R".

Let
W (x) = max{g;(x), j € M}. (7

For Vx,d € R", let ¥*(x; d) be the first order approximation to W(x + d),
namely

U*(x; d) = max{g;(x) + Vg;(x)"d, j € M}. 8)
For Vo > 0, functions ¥ (x, o), ¥%(x, o) : R" x Rt — R are defined as follows
V(x,0) =min{¥*(x;d) : |d|| <o}, C))

Wo(x, o) = max{W¥(x, o), 0}. (10)
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REMARK: (9) equals to the following linear programming
LP(x,0): minfz:g;(x)+Vg(x)'d <z, je m, |dle <o)

Denote
0(x,0) = ¥(x,0) — W(x), (12)
0°(x,0) = ¥o(x,0) — W(x), (12)
F={x:g,(x)<0,jeM}={x:V¥(x) <0} (13)
FC={x:W¥(x) >0} (14)

DEFINITION 2.1 Burke and Han (1989) . Mangasarian—-Fromotz constraint qual-
ification (MFCQ) is said to be satisfied by g(x) < 0 at x if 3z € R”" such
that

Vgi(x)'z <0 Vje{j:gix) =0 jeM)

LEMMA 2.3 Zhou (1997) . Vx € F¢,if MFCQ is satisfied at x, then 6(x, o) < 0,
Vo > 0.

LEMMA 2.4 Zhou (1997). ¥ (x, o), ¥9(x, o), O(x, ), 8°(x, o) are continuous
on R" x R™.

LEMMA 2.5 Zhou (1997).Vx € F¢,if(x,0) <0, then 8%(x, o) < 0.

3. Algorithm Mode

First, we modify the quadratic subproblem of SQP method. Given x € R", o > 0,
D(x, o, B) is defined as the following set

D(x,0,8) ={d € R" : g;(x) + Vg;(x)'d < ¥°(x,0), j € m, |dllc < )

where 8 > o. If d* € R" is the solution of LP(x, o), then d* € D(x, o, B) hence
D(x, o, B) is nonempty. The quadratic subproblem (2) is replaced by the following
convex programming problem

Q (xx, Hy, ox, Br) 5"5{‘ Vf)'d + 3d" Hid
e n
st gi() + Vegi()Td < Vo(xp,00), j e M
ldllee < B

Clearly, by the above statement, the convex programming Q (x;, Hy, o, Bi) is feas-
ible when o, < B¢. And if H; is positive definite then the solution of Q (x, Hy, oy,
Bx) is unique and bounded. The convex programming problem has the following
properties:
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THEOREM 3.1 Zhou (1997) . Supposethat x;, € R",0 < oy < B, and H; € R™"
isa symmetric positive definite matrix. If MFCQ is satisfied at x;, then

().

).

The convex programming problem Q(x;, Hy, ok, Br) has a unique solu-
tion d;, which satisfies K—T conditions, i.e., there exist vectors U* = (u’{,
u, o uk)T VE = f 0k, o T and LY = (5, 14, ..., 1%) such that
(@). g (1) + Vg () de < W0, 00), j € m, |ldillos < B

(b). Uk >0, vk >0, L* > 0;

(©). Vf(x) + Hedi + g'(x)"UX + VE — LF = 0;

(d). -7y (g () + Vg (i) di — WO (xi, 0)) = 0,

VI (d — Bre) =0, LY (—dy — pre) = 0;

If di = 0 isthe solution of Q(xy, Hy, ok, Bi), then x; is a K—T point of
problem (1).

LEMMA 3.1. Vx € F°,0 <o < B,ifMFCQissatisfied at x andd € D(x, o, B),
then ®*(x; d) < 6%x, o) < 0.

LEMMA3.2. Vxe F,0<o0 < B8,d € D(x, 0, 8), wehave ¥*(x;d) = 0.

Now we state our algorithm as follows.

Algorithm A:

Initial:
Sep 1.
Sep 2.

Sep 3.

Sep 4.

Sep 5.

Sep 6.

Given xo € R, a9 > 0,8 > 0,0 < 0, < o, < B, 09 € [01,0,],
Bo € [00. B1,0 < u < 3,0 < y < 1, T is acompact set which consists of
symmetric positive definite matrices, Hy € X. k = 0.

Compute W (xg, op), WO(xx, op).

Let d; be the solution of the convex programming problem Q(xy, H;, oy,
Bi). If d;, = 0, then x; is a K-T point of problem (1).

If V f ()T dy + 0 @* (xx, di) < —d Hidy, then a1 = oy Otherwise, let

V) dy + df Hedy }
, 200 ¢ .
—<I>*(xk, dk)

If Py, (xx +di) < zrﬂg)i{P”k“ (x_)} — pd! Hydy, let xq = x; + d; and

041 = max{

goto Step 7.
Let d; be the least norm solution of the following linear equation system:

gt +d) +Vgix)'d=0, jel()=1{j:je mut >0

and if the above linear equation system is inconsistent or Idell > Ildill, then
let dAk =0.

Let xp1 = x¢ + frdy + t,fc?k, where ¢, is the largest value of the sequence
{1,y, y?, ...} such that

Py, (Xx + tidi + szak) < zrng)i{P“"“ (i)} + i (V f (x0) " di

+ 1 P (xis di)).
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Step 7. Choose Hyy1 € X, 0k41 € [0, 0,], Brsr € (0ks1, Bl Letk := k + 1, go
to Step 1.

REMARK:.
(1) H;41 can be obtained by iterative formula.
(2) The merit function in the algorithm is

Py(x) = f(x) +a®(x).

(3) At Step 7, ok, Br can be obtained by iterative formula hence Step 7 is
allowed to use to include trust region strategy.
(4) From the choice of «y, we know

P, (xisdi) = Vo) di 4 o ® (x5 di)
V f (e dy 4+ a®*(xy; dy)
—d! Hidy

0.

AVANV/ANE|

thereby the choice of step-size is implementable.

(5) In Zhou’s algorithm, the step-size is obtained by exact line search. In this
paper, the step-size is obtained by Armijo line search, which is imple-
mented easily. Moreover, we also use the nonmonotone technique in our
algorithm.

4. Global Convergence

In the sequel analysis, we always assume that the following conditions hold.

Assumption A:
(1) f,gj, j € M are continuously differentiable functions;
(2) {x¢} is a bounded sequence;
(3) There exist 0 < b; < b, < +00 such that

billyl? < y' Hyy < ballyll>, Vy e R k=1,2,...
holds.

THEOREM 4.1 Zhou (1997) . Assume that MFCQ is satisfied at xo € R". Let
o;>0and F = {x : g(x) < 0}, then there exists a neighborhood N (xg) of xg such
that

(1) MFCQ issatisfied at any point in N (xg);

(2) Ifxg € F,then ¥°(x, o) =0, for Vx € N(xo) and o > o, and

o) gy € NOo)\F, 0 >
NS 9 X X 70 = 07
d*(x: d) 0 !

whered isthe solution of Q(x, H, o, B);
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3) Ifxo € F, then

sup Zuj :He X, x e Nxg),o €loy,o,], Bin(o, B] < 00,
j=1

where ¥ C R™" is a compact set which consists of symmetric positive
definite matricesand 0 < 0; < 0, < B.

COROLLARY 4.1. Supposethat xo € R" satisfies g(xg) < 0 and MFCQ holds at
xo.Let0 < 0, < 0, < B and = be a compact set consisting of symmetric positive
definite matrices, then there exists a neighborhood N (xg) of xg and a constant
number K > 0 such that

- Vfx)'d+3d"Hd - QT up)fx, o) .

—®*(x; d) O*(x; d)

whered isthesolutionof Q(x, H, o, B),V(x, 0, B, H) € N(xo)xI'(0y, 0y, B)x X,
whereI' (0, 0., B) = {(0, beta) : o € [07,0,], B € (0, B]}.

LEMMA 4.1 Zhou (1997) . If MFCQ holds, suppose that x; — x, H, — H,
or — 0, B — B, then d; — d where d is the solution of Q(x;, Hy, ox, Bi) and
d is the solution of Q(x, H, &, B).

LEMMA 4.2. Suppose that {x;} is an infinite sequence generated by Algorithm
A lf oy — +o00,ask — oo, then any cluster point x of {x;} satisfies the constraint
conditions of (1), i.e., g(x) < 0.

Proof. If x does not satisfy the constraint condition of (1), from Lemma 2.3 and
Lemma 2.5, we know that 8°(x, o) < 0, Vo > 0.

Because x is a cluster point of {x;}, there exists a subsequence {x;, } such that

Xy, —> X, I — 00.

Without loss of generality, we can assume that d;, — d H,, — H o, — &
Bi. — B, then from Lemma 4.1 we know that d is the solution of Q(d, H, &, B).
Lemma 3.1 implies that ®*(x; d) < 8°(x, o) < 0.

Because ®*(x; d) is continuous in R" x R",

O*(xy,; dp,) — P*(X;d), i — oo.
On the other hand, by oy — 400 and updating rule for o, we know that
V f () di + dl Hedy N
—P*(xy; di)

Assumption (1) and the computation of d, imply that the numerator of (15) is
bounded, so ®*(x;; dy) — 0, as k — oo. We obtain a contradiction, which shows
that the lemma is true. a

400, k — oo. (15)
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If MFCQ is satisfied at any point of R", from Lemma 4.2 and Corollary 4.1 we
know that o is a constant when k is sufficiently large. So without lose of generality,

we can assume in the sequel analysis that oy = o > 0, Vk.

LEMMA 4.3. If x; isnot a K—T point of (1), then there exists a #, > 0 such that

Py (i + trdy + 12dy) < Po(x) + utn(V ()T di 4+ a®* (x5 dy))

Proof. Let
Q1 = fx + tdy + 12dy) — f ()
and
Qy = D(xy + tdi + 12dy) — D (xp),

then P, (x; + tdy + t2dy) — P, (x;) = Q1 + a$2y.

Note that for sufficiently small r > 0 and Vd € R", if j &€ Iy(x;), we have that

g () +1Vg;(x) dy < jgix){O, g (x) + Vg (xe) di).
0(Xk
Hence for sufficiently small ¢ > 0, we have

Q)

max{0, g; (xi + tdy + 2dy)} — ®(xz)
je

N

r]@({o, gi(xx) +1Vg; () dy} — @ () + o(t)

= max {0, g;(xx) +1Vg;(xp) di} — ®(xz) + 0(2)
Jje€lo(xk)

O* (xp; tdy) + o(t)
t®* (xp; di) + o(t),

VAl

and

f O + tdy + 12dy) — f(xp)
= 1tV f(x)ld+ o).

93]

(16) and (17) imply that

Py (xy + tdy 4 12dy) — Po(xi) < 1(Vf () di + @@ (xx; di)) + o(2).

Note that Step 3 implies
V) de + a®* (g di) < —d Hydy.
On the other hand, it follows from Theorem 3.1 that

dp #0.

(16)

17

(18)

(19)

(20)
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By (18), (19), (20) and Assumption (3), we have that there exists 7, > 0 such that
Py (i + tedy + 17di) < Pa(xe) + pti(V f ()" dic + 0@ (53 ).

So the conclusion holds. O

Lemma 4.3 says that Algorithm A is well defined. Now we prove that Algorithm
A is globally convergent. First we introduce two lemmas.

LEMMA 4.4. Sequences {t,d;} and {x;,1 — x;} converge to 0.
Proof. Let /(k) be integer number such that k — 1 < I(k) < kand

Py (X10)) = m%{Pa (xk—)}.

From Lemma 4.3, we obtain

Py (X1641)) = Eg)f{P“(ka_l)}
< max{ Py (x;x)), Po(Xk41)} (21)
= Po(xi)),

i.e., sequence {P,(x;x))} is a non-increasing sequence. Therefore, by Step 3 and
Step 6, we have

Py(xqiy) < m%{Pa Cra—1-0} + mtigy-1(V f ray-1) dig -1

+a® (xXk)-15 diky—-1)) (22)
< Po(xgmy-1) — Mtl(k)—ldzjgk)_lHl(k)—ldl(k)—l-

From (22) and Assumption (1), we obtain
tig-1digy-1 —> 0,  k — oo. (23)
since [ldi || < lldxll, then
X%y — i@yl > 0, k — 0. (24)
Now set /(k) = I(k + 3) and show, by induction, that forany j > 1,
Jim 149 05 = 0, (25)
k'l)“go Po(Xjgy—;) = k'l)“go Py (X11))- (26)
In view of (21)-(24) and the fact {{(k)} C {/(k)}, we have that

| Py (x[(k)_j_) — Py (X101
< |Pa(x[(k)_1) - Pa(xi(k))l + |Pa(xi(k)) - Pa(xl(k)—l)| —- 0, k— oo.
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So (25) and (26) hold for j = 1. Assume that (25) and (26) hold for a given j. By

(22), we have that

T
Po (X5 ) < Po(Xyg)— 1)) = Hligy—j-1 j_1Hi(k>—j—1di(k>—j—1'

By induction assumptions, we know that
lergo Pa (-xi(k)—j) = kll[go Pa (-xl(k)) = kll)nt;]o Pa (xl(i(k)—j—l))-
So
tf(k)—j—ldf(k)—j_l — 0, k— o0,
and
1%y —j = Xigy—j—al > 0,k — o0,
and furthermore
Jm PG —j-0) = 1M Pa (i) = M Po(ago)-

Therefore (25) and (26) hold for j + 1.
Forany j,sincel(k) —k—1=1(k+3)—k—1<2,and
1) —k—1
e+l = Xy — Z [y jiay - + ’i2<k>_ jdi(lo—j]’
j=1

by (25) and (26),

[Xk+1 — Xj Il = 0, [P (xi41) — Polxjp))l = 0, k — oo.

Consequently
lim Pa(xk+1) = lim Pa(Xi(k)) = lim Pa(xl(k)).
k—o00 k— 00 k— 00

Note that
Py (xi41) < Po(xiy) — uted! Hid,

we obtain

lkdk — 0, ||xk+1 — xk|| — 0, k — oo.

d

LEMMA 4.5. Let sequences {x;} and {d;} be generated by Algorithm A, then

dk—>0.
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Proof. From Lemma 4.4, we know that
tdy — 0, (kK — 00). (27)

Now we prove that d, — 0. Conversely, if d, # 0, then there exit a sub-
sequence {d;} of {d,} and a positive constant number ¢ such that

Idill =€, Vi (28)
Now we prove that there exists #' > 0 such that
=1, Vi (29)

Assume that (29) does not hold, then there exists a subsequence of {z; }(without
loss of generality, we can assume that the subsequence is {z;} itself) such that

t;, >0, i— oo

From Step 6, we have that
1 12 .
Pa (x,- + —di + Ld,')
n n
7 .
> max{ Py (xi—1)} + M;(Vf(xi)Td,- +a®* (x5 dp)) (30)
li
2 Py(x;) + M;(vf(xi)Tdi +ad®*(x;; 5 dy)).
By (18), ; — 0 and (30), we know that for i sufficiently large

5OV )T dy + ad* (s d) + o (5)
n n

f 2 .
>Pa (xi‘i‘_di‘i‘Ldi)_Pa(xi) (31)
n n
li
> M;(Vf(xi)Tdi + a®*(x;; dy)), (32)

i.e.,
1- M)t—i (Vf(xi)Td,- + ad®*(x;; di)) +o (t—’> > 0.
n n

It follows from the choice of «, (28) and Assumption A (3) that

L

—(1— b +o <t—) /= >0.
n n

Leti — oo, and note that z;, — 0, we obtain that

—(1— pybie® > 0.
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This contradicts 0 < u < % So (29) holds. (28) and (29) imply that #d;, # O.
This contradicts to (27). The contradiction shows that the lemma is true. O

Combining Lemma 4.5, Lemma 4.1 and Theorem 3.1, we obtain

THEOREM 4.2. If MFCQ holdsat any x € R", Algorithm A either stopsat a K-T
point of problem (1) or generates an infinite sequence {x; } whose cluster points are
K-T points of problem (1).

5. Superlinear Convergence

In this section, we prove that the algorithm is convergent superlinearly. For the
analysis of the superlinear convergence of the algorithm, we need the following
assumptions.

Assumption B:
(1). Functions f, g;, j € M are at least twice order continuously differentiable;
(4). Strong twice order sufficient conditions holds, i.e.,

dTV? L(x*,2%)d >0, Vde{dld#0,d"Vg;(x*)=0,j e I(x*)

where

L(x, ) = f(x)+ Y rjgi(0), [(x") = {j € Io(x*), 1} > 0}
j=1

and (x*, A*) is a K—T pair of problem (1);

(5). At x*, strict complementarity slackness and linear independence of the
gradients of the active constraints hold;

(6). Matrices H,, k = 1,2, ... are symmetric positive definite and satisfy the
following condition
- ||(He — V2 L(x*, A)d| _

lim
k=00 lldi |l

0.

From the Assumption (1) (2)—(6), we have the following lemma which is sim-
ilar to Robinson (1982) and Bonnans and Launay (1995).

LEMMA 5.1. Sequence {x;} converges to the solution x* of problem (1).

From Lemma 5.1 and Lemma 4.5, we know that ||d;|| — 0. So the constraint
condition ||d || < Br IN Q(xy, Hy, ok, Bi) is redundant when k is sufficiently large.
Theorem 4.1 (2) implies that W (x, o) = 0 for k sufficiently large. So the sub-
problem Q(xy, Hy, ok, Bx) i equivalent to the following quadratic programming
subproblem when « is sufficiently large.

; T 1,7
552}201 Vfl)'d—+ 2d H,d

e (33)
st gi(x) +Vgi(x)'d<0,jeM
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LEMMA5.2. (di, M) — (0, A%), where (x*, A*) isa K—T pair of problem (1) and
(dy, M) isthe K—T pair of the above quadratic programming subproblem.
Proof. It is easy to verify. a

From Lemma 5.2 and the statements above, we have
Uk > 1%, k> oo.
LEMMA5.3.

Idell = O(ld|I?)  Vk sufficiently large.
Proof. It is similar to Proposition 4.1 in De Q. Pantoja and Mayne (1991). O

LEMMA 5.4. Suppose that {x;} is an infinite sequence generated by algorithm A,
If Assumption (1) and (2)—(6), then 7, = 1, for all k sufficiently large.

Proof. From Lemma 5.3 and ||d;|] — 0, as k — oo, we know that for all k
sufficiently large

Idill < lld]l.

Now we prove that the step-size #, = 1 for all k sufficiently large. First we need
to prove

Po(y +di + di) — Po(x) < (Y f ()T di + a®* (x5 di)). (34)

From Assumption B(5), the gradients of the active constraints are linearly inde-
pendent. Hence for all k sufficiently large d;, # 0 .

Now we prove that for all k sufficiently large, (34) holds. We need only to prove
Ti = Py + di + di) — Po(xi) — 1(V f (x) " dy + 2 ®* (i di)) < 0. (35)
Since ||di|| — 0as k — oo and Lemma 5.3, then
Po (i + dic + di) — Po ()
SV o) di+a® (v di)+V f (x) dy + %d,fvfxf(xk)dkw(lldkIIZ)-
From Lemma 5.1 and the statement before Lemma 5.1, we have that
Vf(x) = —Hdy — g' ()" U".

From the boundness of H,, the definition of d; and Lemma 5.3, we know

Ve de = U g + di) + o(ldi[1%).
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Note that
w(gj(x) + Vg () d) =0, Vjem,
and
V) di + a®* (s dy) < —d{ Hydy,

we have

1
T < <§ - M) (V) dp + ad*(x; dy))

1 T 2 k 2
+ Ed" (Vix L(xx, U) — Hp)dy + o(lldi (1)
1 2 1 T k kg ok
< - 5 M balldi|l” + Ed" (L(xx, U") = L(x™, 17))di
1 T k4 ok 2
+ Ed" (L(x*, A7) — Hp)di + o([|d [I7)-

Since x, — x*, UK — 1* and Assumption A (2), then
df (L(xe, UY) — L(x*, A%))dye = o([ldi [1%).
Assumption B (6) implies that
d (L(x*, 1*) = H)dy = o(|ldi [1%).

Therefore when k is sufficiently large

1
T < — <§ - M) billdill* + o (lldi]I?) < 0.

Hence for all & sufficiently large, (35) holds.

From (34) and Step 6, we obtain

< Py(xp + dy + di) — Py(xp) (36)
< (V)T dy + ad*(xp; di)).

Hence 1, = 1 for k sufficiently large. a

Py (xp + di + di) — zrgoa)i{P“ (xx—1)

From Lemma 5.4 and the definition of the algorithm, we know that for all
sufficiently large, either x;,1 = x; + di OF X, 1 = X + di + di.

THEOREM 5.1. If the conditions in Lemma 5.4 hold, then {x,;} converges to x*
superlinearly, i.e.,

g — X

k=oolx — x|
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Proof. By assumptions and the results in Boggs et al. (1982), we have

; Xp +d — x*
fjm St de =
koo |lxp — x*||
Since
Xk + di + di — x| < Xk + di — x*|| lldi |l lldi |
AN ° )
[k — x| floxx — x*|] loex — x| lldll

lldi |l
llxk =]

let k — oo, note that

— land ”i—k” — 0, then
kll

lxx + di + di — x|
%
[lx% — x|

0.

Since for k sufficiently large, either x; 1 = x; + di OF X441 = x¢ +di + d;, s0

i X1 —x*

k=oolxp — x|

O

Now we state another principal result. It shows that the linear equation system
in Step 5 needs only to be solved in finite number of iterates. This is the main
reason that we introduce the nonmonotone line search technique.

THEOREM 5.2. When k is sufficient large, Sep 4 in Algorithm A is always satis-
fied, hence Step 5 and Step 6 will not be executed.
Proof. We need only to prove that for sufficiently large k£ we have

Po (xk + di) — | Hydy < Py (x-1). (37)
Now we assume that & is so large that d; is calculated by (33) and ¢, = 1, so

g +d) = gi(x) + Vg di + 0(|di|1?)

< O(lde]l?).
Since
. X +d — x*
kll>no10 % =0,
then
Py(xp +dy) =

fOu +di) +a jenZ?/IaU){(O}{gj (xx + di)}

FOF 4 x4+ di — x*) + O(1de]|®)

FO)+ VT +de — x*) + Ol + die — x*(|%)
+O0([ldy11?)

Po(x*) =3 i MV E ()T (i + di — x*)

+o(llxe — x*[1%) + O(llde]|®).

1IV/AN
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Since U¥ — A*, then I (x*) € I(x;). Sofor j € I(x*)

O(ldclI>) = g;(xx) + Vg;(xi)Tdi + O(llde|1?)
= gj(xx +di)
= gi(x* +xp +dp —x7)
= g;(x") + Vg ()T (xx + de — x*) + O(llxi + di — x*||?)
= Vg;(x)T (xx + di — x*) + o(llxx — x*[|?).

By Theorem 5.1 and note that
ll il

koo ||lxp — x*|

’

we obtain

Py (x4 d) — pd{ Hydy = Po(x*) + o(llxe — x*[|1?) + O(ldi 1?)
Py (x*) + O(llxx — x*|1?)

= Py(x*) 4+ o(llx—1 — x*||?)

< Po(xk-1),

where the last inequality follows from Lemma 1 in Chamberlin et al. (1982). O

6. Some Discussions and Numerical Examples

In this section, we give some numerical examples to show the success of the
proposed method. Updating of H, is done by BFGS formula, i.e.,

Hy, if s{y <O0;
Hyi1 = H + eyl B Hysis! Hy

; T
- = , 0f sy >0,
Vi Sk s Hysy

where s; = xe1— Xk, Yk = (V f (xe1) — Vg e ) U = (V f (1) = Vg (x) UF),
and U* is defined as in Theorem 3.1. The stop criteria is ||d;|| < 107°. And the
algorithm parameters were set as follows: ag = 100, 8 = 1,0, = 1,0, =2, 8 = 3,
uw=0.25y =05and Hy = I € R"™". The program is written in MATLAB and
call for the inner function QP in matlab to solve the quadratic subproblems.

EXAMPLE 1.

min f(x) =x — § + 3 cos?x,
st x>0.
xo=2,x*=0, f(x*) =0, iterate = 2.



A MODIFIED SQP METHOD WITH NONMONOTONE LINESEARCH TECHNIQUE 217
EXAMPLE 2.

min f(x) = Y112,

st. 6—Y 1, x2<0.
xo = (2,2,2,2)T, x* = (1.224745, 1.224745, 1.224745, 1.224745)7
f(x*) =9, iterate = 7.

EXAMPLE 3.

min f(x) = Y0 x2x? ) + xixa,
st. 4—37 % <O,
11— (-Ditty <O.
xo = (2.5,1.5,0,0)7,
x* = (1.240023, 0.753253, 1.259977, 0.746746)"
f(x*) = 3.515915, iterate = 6.

EXAMPLE 4.

min f(x) = %(xf — X1X2 + x%)% — X3,
st. x>0,x3 <2
xo = (0,0.25,0)7, x* = (0,0,2)7, f(x*) = —2, iterate = 8.

From the above, we know that the algorithm can solve these problems. Com-
paring with the results in Zhou (1997), the computation in each iteration in this
paper is less than that in Zhou’s method since they use exact line search to obtain
step-size. Because we use nonmonotone line search technique in our method, the
iterate number for some problems is less than that in Zhou (1997).

Although the method in this paper is proposed for inequality constrained prob-
lem, we can apply this method to solve general optimization problem. If an equality
constraint 2(x) = 0 exists in the original problem, it can be handled as two
corresponding inequality 2(x) < 0 and k(x) > 0, and we can apply the above
algorithm.

The method proposed in this paper has advantage over traditional SQP method.
The following example demonstrates situations in which the algorithm proposed in
this paper succeeds while the SQP method developed by Wilson, Han and Powell
can fail if the initial value of x is set to 3.

min x
st x <1,
x2>0.
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